A theoretical study of the dynamical dielectric response of bulk lead at low energies is presented. The calculations are performed with full inclusion of the electronic band structure calculated by means of a firstprinciples pseudopotential approach. The effect of inclusion of the spin-orbit interaction in the band structure on the excitation spectra in Pb is analyzed, together with dynamical exchange-correlation and local-field effects. In general, results show significant anisotropy effects on the dielectric response of bulk Pb. At small momentum transfers along three different high-symmetry directions, the calculated excitation spectra present several peaks with strong acousticlike dispersion in the energy range below 2 eV. The analysis shows that only one of such modes existing at momentum transfers along the -K direction can be interpreted as a true acousticlike plasmon, whereas all other modes are originated from the enhanced number of intraband electron-hole excitations at corresponding energies. Comparison with available optical experimental data shows good agreement.
I. INTRODUCTION
In the last two decades, significant progress was achieved in the understanding of dynamical processes involving both single particles (electrons and holes) and collective electronic excitations in metallic systems from the so-called ab initio perspective. In particular, in the course of the study of dynamics of electronic excitations, the relative importance of such intrinsic processes as electron-phonon and electron-electron decay was thoroughly analyzed. 1, 2 One of the important results of these investigations was the demonstration of a crucial role of the electronic band structure of real solids in such events.
At the same time, it is known that the band structure can be influenced by spin-orbit (SO) effects, especially in heavy elements. Remarkable examples are lead, bismuth, and bismuth tellurohalides, where the SO interaction produces strong modifications of the band structure [3] [4] [5] and vibrational spectra, [6] [7] [8] influencing the electron-phonon interaction in these materials.
The effect of the SO interaction on the electronic structure was intensively investigated in the past, while the inclusion of this interaction into calculation of dielectric properties from first principles was performed in few cases only. Thus, it was demonstrated that the SO interaction induces sizable effects in the optical properties and dielectric properties in the small-momentum-transfer limit of heavy elements, in particular Pb. 9 However, a detailed study of the impact of the SO interaction on the excitation spectrum of Pb over a whole momentum-energy domain is still missing, especially in a low-energy region where the major effect is expected. This constitutes a main topic of this study, in such a way giving a whole picture of the low-energy electronic dynamics in the elemental lead in addition to the phonon dynamics studied heavily up to now.
One of the characteristics of lead is that it presents the second-highest critical temperature of all bulk elemental superconductors (T c = 7.23 K), 10 which has been shown to be related to its large electron-phonon coupling (EPC) constant. In addition, SO coupling has a strong impact on the electron-phonon interaction in bulk Pb, increasing its strength as much as 44%. 6 Studying the electronic collective excitations near the Fermi level (E F ) and the SO effects on them would complete the description of the low-energy dynamics in bulk lead, and it is done in this work.
For many years, the electron-density response of solids was studied using a free-electron gas (FEG) model in which the electron valence density is parametrized by a single quantity: the density parameter r s , which stands for the average interelectron distance. 11 The FEG model gave insight into basic properties of the momentum-and frequency-dependent dynamical dielectric response. However, band-structure effects that are missing in a FEG model frequently can produce strong impact on the dynamical dielectric response of solids. In particular, interband transitions (not presented in a FEG model) give rise, for instance, to a strong red-shift of the Ag plasmon frequency 12 or to a negative momentum dispersion of the plasmon in Cs. 13 Moreover, these transitions can dominate in some materials the energy-loss landscape in the low-energy-transfer domain. [14] [15] [16] In three-dimensional (3D) solids, the FEG model predicts the existence of a r s -dependent threshold for collective excitations, exceeding in metals several eV. Hence, according to the FEG theory, plasmons can not participate directly in the low-energy dynamical processes near the Fermi surface. However, in the 1950s it was predicted 17, 18 the existence of a very-low-energy excitation, which should be present in systems with several energy bands crossing the Fermi level with different Fermi velocities v F , as it is the case of bulk Pb. This very-low-energy mode presents an acousticlike dispersion at small momentum transfers q's, i.e., ω AP = v AP q, where v AP is the group velocity of the acoustic plasmon being very close to the Fermi velocity in the energy band with the slower carriers. Thus, the ω AP frequency tends to zero as q → 0. Exchange of acoustic plasmons has been suggested as a possible mechanism of electron pairing in superconductors (see, i.e., Ref. 19 14, 15 the existence of such kinds of acoustic plasmons in metallic systems. In particular, in the case of Pd and CaC 6 , this acousticlike mode disperses in all three symmetry directions, while in the layered compounds MgB 2 and NbSe 2 , the corresponding mode exists only for the momentum transfers along the direction perpendicular to the basal planes.
The main aim of this study is twofold. First, the complexity of the low-energy electronic response of bulk Pb is demonstrated, together with the role of different physical ingredients. Second, the results on the modes characterized by an acousticlike dispersion are presented and analyzed in detail. In particular, we demonstrate the strongly anisotropic character of such low-energy collective excitations in bulk lead. The calculations of the low-energy collective excitations have been done using the first-principles pseudopotential approach within the time-dependent density functional theory (TDDFT). 30, 31 The rest of the paper is organized as follows: In Sec. II, the details of the ab initio calculations of the dynamical dielectric response of 3D solids are presented. In Sec. III, the general results for bulk Pb for the low-energy regime are presented together with comparison with experimental optical data, while in Sec. IV the acousticlike collective excitations are analyzed in detail. Finally, the main conclusions are presented in Sec. V. Unless otherwise stated, atomic units are used throughout, i.e., e 2 =h = m e = 1.
II. CALCULATION METHOD
A key quantity in the description of dynamical dielectric response properties of solids is the dynamical structure factor S(Q,ω) since, within the first Born approximation, the inelastic scattering cross section at momentum transfer Q and energy ω of x rays and electrons is proportional to it.
11 S(Q,ω) is related by the fluctuation-dissipation theorem to the dielectric function ε(r,r ,ω). For a periodic solid,
where is the normalization volume, G is a reciprocallattice vector, vector q is located in the Brillouin zone (BZ), Q = q + G, and Im[ε −1 G,G (q,ω)] is the so-called energy-loss function, whose Fourier coefficients are related to those of the density-response function for interacting electrons χ (r,r ,ω) through
where v G (q) = 4π |q+G| 2 is the Fourier transform of the bare Coulomb interaction. Note that in this definition, the Q vector is not restricted to be located inside the first BZ.
A crucial quantity in the evaluation of Eq. (2) is the density-response function χ , which in the framework of TDDFT (Refs. 30 and 31) satisfies the matrix equation
where χ o G,G (q,ω) is the matrix of the Fourier coefficients of the density-response function for noninteracting Kohn-Sham electrons. K XC G,G (q) stands for the Fourier components of the exchange-correlation (XC) kernel, whose exact form is unknown. Thus, approximations must be used to describe K XC G,G (q). Here, we use two frequently used approaches for the description of K XC : the random-phase approximation (RPA) (here, one simply sets K XC RPA to zero, i.e., neglects the short-range exchange and correlation effects) and the time-dependent local-density approximation (TDLDA). 32 We evaluate the χ 
where sgn(ω) = 1 (−1) for ω > 0 (ω < 0). The real part of χ 0 G,G (q,ω) is obtained from the corresponding imaginary part using the Hilbert transform.
Inclusion of the G = G matrix elements in Eq. (3) accounts for the so-called crystalline local-field effects (LFEs), 35 which can be significant if there is notable spatial variation in the electron density in the system. If LFEs are neglected, the energy-loss function is simply given by
In this work, in the density functional theory (DFT) groundstate calculations, the electron-ion interaction is represented by a norm-conserving nonlocal pseudopotential, 36 and the local density approximation (LDA) is chosen for the exchange and correlation potential, with the use of the Perdew-Zunger Two different sets of calculations were carried out in evaluating Eq. (4). First, S 0 G,G (q,ω) was calculated in the range 0 < ω < 30 eV with a step of ω = 0.005 eV, the band indexes in Eq. (4) running up to n = 25. A Monkhorst-Pack 39 96 × 96 × 96 grid of k vectors was used in the BZ sampling which corresponds to the inclusion of ≈9300 points in the irreducible part of the BZ (IBZ). The delta function was represented by a Gaussian of width of 0.05 eV. Second, in order to properly describe the acousticlike modes at energies below 1 eV, Eq. (4) was evaluated in the 0 < ω < 4 eV range, with a step ω = 1 meV and taking into account up to 12 energy bands. In this second set of calculations, a fine 432 × 432 × 432 grid was used, with ≈850 000 k points in the IBZ, and the width of the Gaussian replacing the delta function was set to 2 meV.
In Fig. 1 , the calculated band structure of bulk fcc lead along some high-symmetry directions of the first BZ is shown, with (solid lines) and without (dashed lines) inclusion of SO interaction in the Hamiltonian of the system. As the fcc lattice is centrosymmetric, due to the Kramers degeneracy, 40 each band is double degenerated in both cases. The calculated band structure is in good agreement with other calculations (see, i.e., Refs. 6 and 41) and with the experimental one 42 when the SO term is taken into account. As can be seen in Fig. 1 , the inclusion of the SO interaction has sizable effects on the bands crossing the Fermi level (of p-orbital character), mainly around the high-symmetry points of the BZ. Thus, SO effects on the band structure of bulk Pb are expected to show up on the low-energy dielectric properties of this material.
The band-structure calculations were performed with inclusion of the SO term in the Hamiltonian fully self-consistently. In the evaluation of S 0 G,G (q,ω), the SO coupling enters Eq. (4) through the energy spectrum (via the δ function) and coupling matrices (the brackets). We checked that the replacement of the spinor wave functions by scalar ones in the evaluation of χ o slightly modifies the calculated dielectric properties of Pb in comparison with the full SO results, however, without important changes. 
III. GENERAL RESULTS
In the FEG model, the plasma frequency is determined as ω p = √ 4πn/m * with n being the average electron density and m * the electron effective mass, which in terms of the density parameter r s reads as ω p = 3/r 3 s m * . For lead, using the value of r s = 2.298 determined on base of experimental data, one obtains ω FEG p = 13.53 eV. This value is in good agreement with the one obtained in electron energy-loss experiments (see, e.g., Ref. 43 and references therein). Thus, the energy-transfer range ω 8 eV, which is of interest here, is well below the bulk plasmon energy in lead. Note also that by calculating the dielectric response up to 30 eV, the present results are well converged with respect to the finite-energy range used in the numerical Hilbert transform procedure.
Comparison of the calculated energy-loss function with optical experimental data from Ref. 44 obtained at 140 K and room temperature is performed in Fig. 2 . The calculated curves correspond to the smallest momentum transfer Q = 0.014 a.u. along the -X direction, allowing comparison with optical measurements. As can be seen in the figure, the loss function calculated without the spin-orbit interaction significantly deviates from both experimental curves. In particular, the first peak in the calculated curve is located at 1.5 eV, i.e., at a notably lower energy in comparison with experiment. Other broad peaks centered at energies of 2.35 and 3.4 eV are also located at lower energies. Only inclusion of the SO coupling in the band structure leads to a fairly good agreement in the energy positions of all three features in this energy range with the experimental ones, especially with the measurements carried out at 140 K. Also, our data with the SO interaction included are in good agreement with ab initio calculations of Ref. 9 . Some quantitative differences observed between two ab initio results are at the level of uncertainty in such kinds of calculations.
In Figs. 3-5, the energy-loss function, Im[ε −1 (Q,ω)], calculated using the RPA approximation for the exchangecorrelation kernel and including the SO interaction, is presented as a function of the energy transfer ω and value of the momentum transfer Q along three high-symmetry directions, both including and neglecting the LFEs. In these figures, at small Q's one can observe several peaks in the energy range below the prominent broad peak structure presented at energies above ∼6.5 eV, which coincides with the energy threshold for interband transitions between the occupied s states (those located at energies below −6 eV in Fig. 1 ) and the p states above the Fermi level.
The strong increase of intensity of the interband peak at ∼1.65 eV in the calculated loss function with the SO coupling included can be explained by the fact that, as seen in the upper panel of Fig. 2 , the real part of the dielectric function reaches zero at a close energy due to a sharp increase in the corresponding imaginary part of the dielectric function. It seems in our calculations this effect is more pronounced than in the calculation of Glantsching and Ambrosch-Draxl. 9 Nevertheless, the evaluated loss functions in both calculations are rather similar in this energy range. Only little differences can be observed at larger energies, where the loss function calculated in Ref. 9 is slightly larger than that evaluated in this work. This is explained by the larger imaginary part of the dielectric function in our calculation in the 1.7-2.7 eV energy region and the lower real part at energies above 2 eV. From this analysis we can conclude that the experimental optical data reflect clear SO effects. Note that in the experimental data of Ref. 44 , the two first lowest-energy peaks are barely visible in the room-temperature loss spectra and significantly more pronounced in the measurements performed at T = 140 K. This is in agreement with the fact that Pb presents a strong electron-phonon coupling, which modifies the one-electron energy levels with increasing temperature. Hence, one can expect that in measurements performed at even lower temperatures, the first interband peak might increase its intensity and downshift in energy, in such a way improving agreement with the calculations. On the other hand, comparison of the calculated results with the recently measured data obtained by reflection electron energy-loss spectroscopy 45 (REELS) reveals only a broad weak peak around 2 eV and presents significant underestimation in intensity of the whole spectrum. These might be a consequence that this REELS experiment setup might have insufficient resolution in this low-energy range, being apparently more suitable at higher energies. 45 In Figs. 3-5 one can see how the peaks in the loss function strongly disperse upward upon increase of momentum-transfer values in all three directions. Thus, the dominating 1.65-eV peak increases its energy up to ∼3.5 eV (∼8 eV) at Q = 0.2 (0.6) a.u. along the -X ( -K) direction. On the other hand, the 1.65-eV peak possesses along the -L direction much less dispersion and quickly disappears at ω = 2.3 eV. The other weaker 2.35-and 3.7-eV peaks disperse upward in -X and -K up to energies above 6 eV where they enter the manifold corresponding to s-p interband transitions and can be resolved as separate features up to ω = 8 eV. On the contrary, along -L these upper-energy peaks disperse up to energy of ∼5.2 eV where they merge each other and a much stronger peak continues dispersion up to energies about 6.3 eV.
Starting from Q = 0.6 a.u., the dispersion of this peak turns from positive to negative and it can be clearly resolved up to Q ∼ 1 a.u.
In the following we present a systematic analysis of the effect of the main physical ingredients such as LFEs, SO coupling, and XC effects on the low-energy collective electronic excitations in bulk Pb.
A. Local-field effects
From comparison of the upper and lower panels in Figs. 3-5 one can deduce that the LFEs affect the calculated dielectric properties rather weakly. From Figs. 2 and 6 , it is seen that this effect is barely visible at small momentum transfers. Along the -X, -K, and -L directions, the main result of the LFEs in the formation of the excitation spectra in Pb consists in some distortion of the intensity of the aforementioned peaks at the finite-momentum transfers. At energies above ω ∼ 6 eV, the LFEs produce significant increases in intensity of the dominant peaks.
Additionally, the LFEs produce an upward shift in energy of all the features. However, the effect is not very pronounced and in general does not exceed several tenths of eV. Thus, in Fig. 6 one can see that the major upward shift about 0.3-0.4 eV occurs in the case of the ∼6-eV feature at intermediate momentum transfers along the -L direction.
Another consequence of the inclusion of the LFEs is transmission of the 1.65-eV peak at small Q's to momentum transfers close to Q = 2π/a = 1.35 a.u. in the -X direction. At momentum transfers close to this Q one can see how the intensity of the loss function at ω ≈ 1.65 eV notably increases when the LFEs are included. At Q = 1.23 a.u., the corresponding increase in the loss function at ω ≈ 2.25 eV due to LFEs can be seen in Fig. 6(a) . Also, some increase in the loss function caused by the LFEs due to the ω = 1.65 eV mode can be detected in the vicinity of Q = 1.16 a.u. along the -L direction. The example of this enhancement can be seen in Fig. 6(c) , where a broad feature in the loss function appears at energies around 1.6 eV at Q = 1.04 a.u. when the LFEs are taken into account. However, in general, the impact of the LFEs on the loss spectra in Pb, being noticeable at certain energies, is not so strong as in other systems such as MgB 2 (Ref. 25 ) and compressed lithium. 47 This signals about less inhomogeneity in the valence charge density in Pb in comparison with those systems.
B. XC kernel
In Fig. 7 , the calculated energy-loss function for several values of Q belonging to the three different high-symmetry directions is plotted, where comparison between results obtained with the RPA and the TDLDA kernels is made. As can be seen in the figure, the main effect of the TDLDA with respect to the RPA is the increase of the intensity of the calculated Im[ε −1 (Q,ω)], but without qualitative changes in its shape. The most significant change is seen in Fig. 7(c) where the dominant interband peak in the -L direction is shifted downward in energy by ∼0.1 eV upon inclusion of the XC effects at the TDLDA level.
C. SO-interaction-induced effects
Inclusion of the SO coupling also affects the dielectric response of bulk Pb in an anisotropic way. As shown in Fig. 8 , in all three high-symmetry directions the SO interaction increases the intensity of the broad feature located at energies above 6 eV. As was previously discussed, inclusion of the SO in the calculation of the energy-loss function has sizable effects at small-momentum transfers at energies of 1.65, 2.35, and 3.7 eV. The impact of the SO coupling on the excitation spectra can also be observed in Fig. 8 . Thus, at Q = 0.11 a.u. along -X the appearance of a clear peak at 2.15 eV and two broad peaks at ω = 4.0 and 5.2 eV caused by the SO interaction can be appreciated. At larger Q's, the effect is smaller and consists mainly in the upward shift of the existing peaks. The same trend is observed in the -K and -L directions as well, although with less impact at intermediate and large-momentum transfers. Additionally, in Fig. 8 one can detect that at small Q's in the low-energy region the inclusion of the SO interaction leads to the appearance of a pronounced peak. Thus, at Q = 0.11 a.u. along the -X direction it is located at ω = 1 eV, whereas at Q = 0.12 a.u., the corresponding peak presents at ω = 1.15 and 1.6 eV along the -K and -L directions, respectively. The dispersion of these peaks is highlighted by dashed lines in Figs. 3-5 and it is discussed in the next section.
IV. ACOUSTICLIKE EXCITATIONS
In the "low-momentum-low-energy" region of Figs. 3-5 the calculated loss function presents several peaks dispersing almost linearly with momentum, whose energy is vanishing upon vanishing of the momentum transfer. Upon momentumtransfer increase, these peaks can be traced up to an energy of about 2 eV in -K and -L, and up to even higher energies in -X. The number of such peaks depends on the direction, being two in the case of -X, one in -K, and three along -L. To study in more detail the origin of these modes characterized by an acousticlike dispersion, in Figs. 9-11 we report the calculated dielectric and energy-loss functions at almost the same small momentum transfers in all three high-symmetry directions. Here, we show the results obtained at the scalar-relativistic level and with inclusion of the SO coupling and spinor representation for wave functions. For comparison, in these figures the featureless curves derived from the Lindhard dielectric function 48 for the same q's are presented as well. The ab initio curves were obtained with inclusion of the LFE and the TDLDA kernel, even though these two physical ingredients were found to affect negligibly the results in this low-energy range in all cases.
In Fig. 9 , one can observe two clear peaks in the loss function, whose shape and intensity depends on whether the SO interaction is included or excluded from the calculation, whereas the spinor representation for the wave functions has minor impact on the results as was suggested in Ref. 4 . Note that we observe a similar little impact on the dielectric properties of Pb of the spinor representation for the wave functions in other symmetry directions as well. From the analysis of the real part of the dielectric function we conclude that neither of these peaks can be considered as a true plasmon mode as the real part of ε does not cross zero at the corresponding energies. The only zero crossing in Re[ε] occurs at 0.32 eV close to the energy where Im[ε] has a maximum. As a result, at this energy the loss function presents a local minimum. Therefore, this zero crossing must be considered as a conventional Landau-overdamped mode which can not be realized. 11 At the same time, inspection of Concerning the -K direction, the loss function presented in Fig. 10 shows a broad main peak which is centered at ∼0.33 eV when the SO coupling is included in the calculations. Moreover, one can see that Re[ε] is rather small at that energy and even crosses zero at 0.30 eV with positive slope, when SO is included in the calculations. This signals that this peak corresponds to a true plasmon mode, although severely damped due to decay into electron-hole pairs. The appearance of this peak in Im[ε At momentum transfers along the -L direction, the number of peaks in the loss function is maximal. As an example, in Fig. 11 Fig. 11 (up to five) . However, neither of these peaks leads to an additional zero crossing in Re [ε] . For this reason, all these peaks in the loss function can be considered as being heavily damped plasmonic modes. Similar to what occurs in other symmetry directions, the effect of inclusion of SO coupling is limited to the downward shift of these modes without qualitative changes.
In the calculation at the scalar-relativistic level, we obtain that the upper border for the intraband electron-hole transitions is located at higher energies than when the SO interaction is included. This is explained by modifications in the energy bands around the Fermi surface. The main effect of the inclusion of the SO is the flattening of the band dispersion accompanying the opening energy gaps seen in Fig. 1 . Consequently, this causes modifications of intraband excitations reflected in the integrated form through Eq. (4) in Im [ε] . Regarding the shape of the acousticlike dispersing modes, the SO coupling only slightly affects ε at q's in -X, where it gives rise to a new peak (which is located at ω 0.27 eV in Fig. 9) . In all cases, v F > v g . This is as expected since collective electronic excitations can not be built faster than the velocity of the individual electrons. Thus, in each q direction, the maximum v F can be seen as the upper bound for the group velocities of the acoustic modes.
B. Possibility of detection in EELS experiments
In order to evaluate the possibility of experimental detection of the aforementioned acousticlike modes, in Fig. 12 a comparison is given of the energy-loss function for the acoustic dispersing peaks at the same momentum transfers reported in Figs. 9-11 in all three high-symmetry directions, together with the loss function derived from the Lindhard dielectric function at q = 0.027 a.u. Also, the acousticlike plasmon mode is shown for q in the second BZ in the -K direction by a dashed red line. A Gaussian broadening has been applied to the first-principles results. The broadening parameter was fixed as 75 meV, corresponding to the experimentally measured linewidth of quantum-well states in Pb(111) thin films 51 at T = 5 K. The intensity of the acoustic mode peak is maximal in the -L direction. However, from Fig. 12 we conclude that the most suitable acoustic plasmon for experimental detection corresponds to the peak dispersing in the second BZ in the -K direction. It presents the smaller linewidth once the broadening is applied, and more importantly it is located in a (q,ω) range in which the energy-loss function presents vanishing values except for the acoustic mode itself, getting isolated in this way (see Fig. 12 ). Note also that the cross section probed in EELS experiments is proportional to q 2 , 52 making weak features in the low-momentum-transfer range more difficult to be resolved. However, an additional possibility of detecting an acoustic plasmon in bulk Pb can be suggested based on the general results obtained for the momentum transfer along the -X direction. As seen from Fig. 3 , the fastest dispersing acoustic mode reaches an energy of ∼5 eV at q 0.45 a.u., with a gradual increase of its intensity. Thus, once the peak at ∼5 eV and q 0.45 a.u. is detected, one could trace its dispersion back towards vanishing energy-and momentumtransfer values.
V. CONCLUSIONS
We have presented first-principles calculations of the lowenergy (ω 8 eV) collective electronic excitations in bulk Pb and studied in detail the effect of the main physical ingredients involved, as well as the existence and character of acousticlike modes. Good agreement with available optical experimental data 44 is interpreted as an evidence of remarkable SO effects, also in agreement with other theoretical works. 9, 45 In general, strong anisotropic effects are found, resulting in a distinct topology of Im[ε −1 G,G (q,ω)] for q ∈ -K. The LFE and the SO coupling have sizable effects on the dielectric screening of bulk Pb, showing an anisotropic behavior. For q vectors in the second BZ, the impact of the LFE on the energyloss function is remarkable. Inclusion of exchange-correlation effects through the TDLDA kernel increases the intensity of the energy-loss function in the studied range, however, without affecting its shape in a significant way.
Very-low-energy modes with acousticlike dispersions are found in all three studied high-symmetry directions and are shown to be a consequence of band-structure effects. The character of these acoustic modes depends on the direction of q. The experimental detection of these acoustic modes by electron energy-loss measurements seems feasible as these modes keep their character up to ω 2 eV, and can reach energies as high as 5 eV in the -X direction.
